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29 Abstract 
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Recently, the regular local rings of prime characteristic were cha- 
. racterized in terms of the finiteness of injective dimension of the Pro- 

! benius map. We obtain relative versions of this result. 

+-> 

Let A be a noetherian local ring of prime characteristic p > and let 
Fa denote the Frobenius morphism of A. A celebrated theorem of Kunz 
[ [5] asserts that A is regular if and only if Fa is flat. Later, Rodicio P has 

shown that A is regular if and only if F4 has finite flat dimension. Recently 
Avramov, Iyengar and Miller j2] have shown that A is regular if and only if 
Fa has finite injective dimension. 

Andre and Radu P,|H] proved a relative version of Kunz's result. In 
order to state it, we consider the following setup. For a ring C of prime 
characteristic p > 0, denote by the C-algebra structure on C given 
by Fq. Now let u : A — > B be a morphism of noetherian rings of prime 
characteristic p > 0. We get the commutative diagram 
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where %/a is given by WB/A(a®b) = atf, for every a G A, b £ B. Note that 
u>b/a induces a bijection on the spectra. In particular, if wb/a is flat and 
B^ is noetherian, then A^' ®a B is also noetherian. The following result 
was proved by Andre, Radu and the first author of the present paper. See 
[T] and jH] for the equivalence of (a) and (6), and {3J Th. 2.13] for (c). 

Theorem 1 Let u : A — > i? fee a morphism of noetherian rings. The follow- 
ing assertions are equivalent: 

(a) u 2S regular; 

(b) wb/a is flat; 

(c) u is /Zat and wb/a has finite flat dimension. 

The aim of this note is to investigate relative versions of the result of 
Avramov, Iyengar and Miller described above, in the spirit of Theorem^ 

All rings considered in this note have prime characteristic p. Notations 
and terminology are as in [Jj. Consider the above setup. If the ring A^ <S>a B 
is noetherian, from the previous results we obtain: 

Theorem 2 Let u : A — > B be a flat local morphism of noetherian local 
rings. Suppose that A&> ®a B is noetherian. Then wb/a has finite injective 
dimension if and only if u is regular and A is Gorenstein. 

Proof. If Wb/a has finite injective dimension, Th. 13.2] implies that 
A^ ®a B is Gorenstein and wb/a has finite flat dimension. Applying Theo- 
rem m we obtain that u is regular. Since u is faithfully flat, A^ ®a B is also 
faithfully flat over Hence A is Gorenstein. 

Conversely, since u is regular and A is Gorenstein, B is also Gorenstein. 
By Theorem ^ it follows that wb/a is faithfully flat, hence A^ <S> A B is 
Gorenstein. Th. 13.2] shows that wb/a has finite injective dimension. • 
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Corollary 3 Let A be a noetherian local ring with geometrically regular for- 
mal fibers. Then A is Gorenstein if and only if A has finite infective dimen- 
sion over A[A P ]. 

Proof. From the assumption and Theorem it folows that w^/a * s ^ a ^' hence 
injective. Then the image of w^/a * s Now apply Theorem |2J» 

Remark 4 Consider the diagram before Theorem ^ Let A' be an A- algebra 
and set B' = B®aA' . Then it is easy to check that wb'/a' = wb/a®a(p) A ,( - p \ 

According to jU Def. 2.8] a local ring is called quasi-basic if the A-algebra 
A^ is a directed union of a family [AA^i of finite subalgebras, such that 
A^ is flat over A^ for any % 6 I. By ^j, any ring with Artin's approximation 
property (e.g. a complete local ring) is quasi-basic. Also, by 4, Prop. 2.9], 
any algebra essentially of finite type over a quasi-basic ring is quasi-basic. In 
particular, algebras which are essentially of finite type over a field are quasi- 
basic. Denote by fd^(M) (resp. id^(M)), the flat (resp. injective) dimension 
of an A-module M. 

Lemma 5 Let f : R —>■ S be a local morphism of local noetherian rings such 
that id R (S) < oo. Then fd R (S) < id R (S) + edim(S). 

Proof. Consider a minimal Cohen factorization of the canonical morphism 
R -> S (see 0) 

R »S 

R! +S. 

From [21 Cor. 2.5] we get 

idij'(S') < idij(S') + edim(S') < oo. 

By Th. 13.2], R' is a Gorenstein ring. From [SJ Th. 2.2] we obtain 
fdfl/(5) < oo so, by Auslander-Buchsbaum formula, 

fd R ,{S) < depth( J R') = id R ,(S). 

So, from |2J Cor. 2.5] we obtain 

fd R (S) < fd R ,{S) < id R ,(S) < id R (S) +edim(5).. 
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Theorem 6 Let u : A — > B be a local morphism of noetherian local rings. 
Assume that A is quasi-basic andw B /A has finite injective dimension. Then 
wb/a has finite flat dimension. Moreover if u is flat, then u is regular. 

Proof. Set w := wb/a and C := A&* ®a B. Since A is a quasi-basic ring, the 
A-algebra A^' is a directed union of a family (A)ie/ of finite subalgebras 
such that A^' is flat over A^ for any i E I. Then Bi := Ai ®a B is a 
noetherian local ring. Consider the following commutative diagram with 
canonical morphisms: 



A^B 



Ai — ► Bi 



Since o~i is flat, it follows that Sj = tTj B is faithfully flat. Hence 

Ext™ (E ® Bi C, 5 (p) ) S Ext£.(£, B®) 

for any .Bj-module i? and for any n G N, according to [TQj Th. 11.65]. It 
follows that id(iosj) < id(io). From Lemma El we have 

fd(u>Sj) < id(iosj) + edim(S) := /c. 

Let j > k. Then Torf* (B( p \E) = 0, for any Sj-module I?. A direct limit 
argument (see Ch. VI, Exercise 17]) shows that Toif (B^,F) = 0, for 
any C-module F. Thus fd(w) < k. In addition, if u is flat, then it is regular 
by Theorem 

Corollary 7 Let u : A —> B be a local morphism of noetherian local rings, 
such that A is a quasi-basic regular ring. I/wb/a has finite injective dimen- 
sion, then u is a regular morphism. 

Proof. Apply Theorem |H1 and jU Th. 2.10].« 

Let u : A — > B be a morphism of noetherian local rings. It is well-known 
that when A is a field, u is a regular morphism if and only if B is a formally 
smooth v4-algebra. From Theorems |2] and El we get the following consequence: 
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Corollary 8 Let k be a field and B a noetherian local k- algebra. Then B is a 
formally smooth k-algebra if and only ifws/k has finite injective dimension.* 

When k = Z p , it follows that ws/k = Fb, hence we retrieve Th. 13.3]: 
A noetherian local ring B is regular if and only if Fb has finite injective 
dimension. 
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